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Summary. A FORTRAN program was written that cal- 
culates composite linkage disequilibrium coefficients 
from genotypic data. Chi-square tests determine 
whether coefficients calculated for allele and locus 
pairs are significantly greater than zero. A subroutine 
is provided that partitions the variance in linkage dis- 
equilibrium into within- and between-subpopulation 
components. Output obtained from analysis of allo- 
zyme data collected from natural subpopulations of the 
house fly (Musca domestica L.) are included to illus- 
trate features of the program. 
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Introduction 

The term "linkage disequilibrium" was introduced in a 
discussion of two-locus selection theory by Lewontin 
and Kojima (1960) to refer to nonrandom association 
of alleles at two loci. Hill and Robertson (1968) and 
Ohta and Kimura (1969) demonstrated that disequi- 
librium may be indicative of genetic drift in popula- 
tions. Lewontin (1974) stressed that linkage disequi- 
librium is theoretically a sensitive indicator of natural 
selection. Hill (1981) developed a statistical method for 
the estimation of effective population size from dis- 
equilibrium data. Recently Ohta (1982b) devised a 
method for partitioning the variance in disequilibrium 
into within- and between-subpopulation components. 
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Linkage disequilibrium has been monitored in field and 
laboratory populations of various species. Artificial disequi- 
librium was created in laboratory colonies of Drosophila by 
stocking them with many individuals homozygous at different 
loci (Clegg etal. 1980; Laurie-Ahlberg and Weir 1979). A 
natural "stocking effect" can occur in field populations after 
catastrophic reductions in population size. Disequilibrium 
generated through homozygote stocking is temporary and 
decays at a rate proportional to the amount of recombination 
between loci. Some intriguing examples of stable disequilib- 
rium have been noted in field populations of salamanders, 
Plethodon cinereus (Webster 1973); Drosophila subobscura 
(Zouros and Krimbas 1973); mussels, Mytilus edulis (Mitton 
and Koehn 1973) and the Yanomama American Indians 
(Smouse and Neel 1977). Stable linkage disequilibria exist at 
the major histocompatibility gene complex in man and the 
mouse, Mus musculus (Bodmer 1979). Robertson and Hill 
(1983) noted that a stable disequilibrium also exists among 
restriction endonuclease sites in the fl-globin gene cluster in 
humans (Orkin et al. 1982) and flanking regions of the ADH 
gene in Drosophila (Langley et al. 1982). But it is more typical 
to find little or no linkage disequilibrium in natural popula- 
tions (Langley et al. 1974, 1977, 1978). 

The calculation of linkage disequilibrium coeffi- 
cients requires counting the number of times that the 
same two alleles appear together in individuals in a 
population. It is a tedious, error-prone, and very time 
consuming process when done by hand. A computer 
program was therefore developed that calculates two- 
locus linkage disequilibrium coefficients from geno- 
typic data. The program is organized as a series of sub- 
routines which may run by themselves or as part of a 
larger program "Genestats" (Black and Krafsur 1985). 
A printed copy of the program, a test data set, and in- 
structions for its use are available a t  cost from the 
authors. The program, "Linkdis", is the only one cur- 
rently available which calculates linkage disequilib- 
rium coefficients for multiple alleles, performs various 
tests of significance and partitions the variance in dis- 
equilibrium coefficients. 
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Method 

In the following discussion, the frequency of individuals 
formed by the union of gametes AiB} and AkB, is denoted 
p~h (= P~h ), where i and k are alleles at locus A and j and h 
are alleles at locus B. Dots will denote sums of genotypic fre- 
quencies. So, the frequency with which AiB j gametes join with 
other gametes to form zygotes is denoted by: 

Pi) = Z Z p~h. (1) 
k h 

The frequency with which gametes bearing i and gametes 
bearing j join to form zygotes is denoted by: 

P!) = Z Z p~h (2) 
k h 

The frequencies of i andj are denoted Pi and pj. 
Assume for discussion that gametes can be sampled from 

a population and that all zygotes are formed by random union 
of gametes. Linkage equilibrium exists if the frequency of 
individuals bearing alleles i and j acquired from a single 
parent P}) is equal to the frequency of individuals bearing i 
andj from different parents P~). 

If through epistatic natural selection (Lewontin 1974) or 
genetic drift (Ohta and Kimura 1969), i and j appear together 
more often in parents than is predicted by their independent 
frequencies, then equilibrium does not obtain. A statistical 
dependency D~ (within individual disequilibrium com- 
ponent) (Cockerham and Weir 1977) exists between the alleles 
and 

D~ = P;j = PI). (3) 

We assumed that union of gametes in the population is 
random. Therefore, with linkage equilibrium: 

Pij = PI) = PiPj. (4) 

If linkage equilibrium does not exist then: 

P;; 4= P!) = p/p}. (5) 

When, in addition, union of gametes is not random: 

P~) 4: pi pj (6) 

and a second statistical dependency D~} (between individual 
disequilibrium component) exists between i and j where 
(Cockerham and Weir 1977): 

Dbij = P f ) -  PiPj" (7) 

Dbj and D~ sum to the coefficient of linkage disequilibrium 
Dq. Therefore: 

Dij = P}j - PIP/. (8) 

Cockerham and Weir observed that, for Dij to  be an accurate 
measure of linkage disequilibrium, there must be random 
union of gametes. Furthermore, estimation of Dq requires 
that the frequency of AiB} gametes in the population be 
known. When working with genotypic data from natural 
populations, it is not reasonable to assume that random 
mating obtains, and gamete frequencies are seldom known. 
Cockerham and Weir suggested that a composite linkage dis- 
equilibrium coefficient, dq, be used instead of Dq. Their 
formulation is: 

Aij = D~ + 2Dby 

= P;; + Pl) - 2 Pi Pj. (9) 

Aq contains P;; and P!), so that an estimate of the frequency 
of either is not required. Furthermore, zJij is not biased by 
departures from random mating in the population. Note that, 

if .D b} is zero, Aij=Di/ .  As calculated in "Linkdis" dq is 
unbiased. Weir (1979) showed with computer simulations that 
zlq has a larger sampling variance than Dq under random 
mating, but that under most conditions the differences are in- 
consequential. Therefore, Aq is the best disequilibrium coeffi- 
cient for analysis of field data. 

Program 

For illustrative purposes, "Linkdis" was used to analyse 
allozyme data from a series of  house fly (Musca 
domestica L.) subpopulations in Iowa. Tables 1 - 4  are 
some of  the outputs from this analysis. 

The user lists the desired options (Table 1) and 
then provides the names of  subpopulations, the names 
and number  of  loci examined, and the number  of  
alleles at each locus. The genotype of  each individual 
is then entered. The program sums the number, Tq 
(Table 2), of  times an allele i at one locus appears with 
another allele j at a second locus in the same indi- 
vidual. Where N is the number  of  individuals sampled, 

T i j / N  = Pi) + P~). (10) 

The program uses composite frequencies because 
double heterozygotes cannot usually be separated into 
coupling and repulsion types. An unbiased estimate of  
zfii can be calculated: 

zl i /= ( N / ( N -  1)) ( ( T q / N )  - 2pipj) (Table 2).  (11) 

A correlation coefficient Rq,  is determined (Weir 
1979): 

Rij =zl i j / ( (pi (1  - Pi) + Ci) (pj(1 - pj) + Cj)) 1/2 (12) 

(Table 2).  

The "C" term corrects the correlation for departures 
from random mating. 

Ci = Hobs (i) - p2 (12 a) 

where Hobs(i) is the observed frequency of  i homo- 
zygotes. A chi-square statistic and the corresponding 
level of  significance are calculated for pairs of  alleles to 
test the hypothesis that R q =  0 according to Weir's 
(1979) formula: 

, ~ l d . f . )  = N R  2} (Table 2).  (13) 

Table 1. List ofavai!able options in "Linkdis" 

Linkdis - options requested: 
Linkage disequilibrium analysis 

in subpopulations 
condensed output 

in total population 
Ohta's analysis for subdivided populations 
Table of allele frequencies 
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Sheep 10/12/82 

Analysis of disequilibrium 
between ADH and SOD loci (sample size = 50 individuals) 

Alleles Tij LJij Rij Chi-square P 

1 and 1 1.00 0.00082 0.04299 0.09 
1 and 2 0.00 -0.00082 -0.04299 0.09 
2 and 1 67.00 0.01551 0.15341 1.18 
2 and 2 2.00 -0.01551 -0.15340 1.18 
3 and 1 1 5 . 0 0  -0.00735 -0.09321 0.43 
3 and 2 1.00 0.00735 0.09322 0.43 
4 and 1 12.50 0.00041 0.00539 0.00 
4 and 2 0.50 -0.00041 -0.00538 0.00 
5 and 1 0.50 -0.00939 -0.49434 12.22 
5 and 2 0.50 0.00939 0.49434 12.22 

Chi-square (4 d.s = 12.46 
P = 0.0143 

0.7612 
0.7612 
0.2780 
0.2781 
0.5098 
0.5098 
0.9696 
0.9696 
0.0005 
0.0005 

Table3. Abbreviated table demonstrating results of analysis 
on each pair of loci for a house fly subpopulation 

Analysis of linkage disequilibrium: Sheep 10/12/82 

Loci compared No. of Chi- d.f. P 
compar- square 
isons 

AMY and ADH 50 19.02 16 0.2677 
AMY and PGM: an allele at one or both loci is fixed 
AMY and SOD 50 2.82 4 0.5885 
AMY and ODH 50 22.30 8 0.0044 
AMY and GOT 50 5.14 8 0.7425 
ADH and PGM: an allele at one or both loci is fixed 
ADH and SOD 50 12.46 4 0.0143 
ADH and ODH 50 15.11 8 0.0570 
ADH and GOT 50 4.40 8 0.8197 
PGM and SOD: an allele at one or both loci is fixed 
PGM and ODH: an allele at one or both loci is fixed 
PGM and GOT: an allele at one or both loci is fixed 
SOD and ODH 50 2.76 2 0.2513 
SOD and GOT 50 1.18 2 0.5549 
ODH and GOT 50 0.65 4 0.9570 

A second chi-square test indicates when significant 
d i sequi l ib r ium exists between loci. The statistic is cal- 
culated and summed over all two-allele-interact ions 
following Weir  (1979): 

,Z 2 = N ~ ~ (A2}/pip}) (Table 2) (14) 
i j 

with (m - 1) ( n -  1) degrees of  f reedom where m and n 
are the number  o f  alleles at the loci. 

Full  output  for each compar ison will be lengthy. 
Upon request  the program will print  an abbrevia ted  

version (Table 3). Provided in the condensed output  
are the results of  the chi-square analysis. Where  
significance is detected (P-<  0.1), the complete  statis- 
tics (Table 2) are pr in ted  automatical ly.  

Linkage disequilibrium in subdivided populations 

We have discussed l inkage d isequi l ibr ium in terms of  
a single populat ion.  In field studies al lozyme data  is 
often collected from a series of  subpopulat ions.  Link- 
age d isequi l ibr ium in a subdivided popula t ion  can  
result in theory from epistatic natural  selection within 
subpopula t ions  (Lewontin 1974) and random drift  
among subpopula t ions  (Ohta and Kimura  1969). Ohta  
(1982a) stated that l inkage d isequi l ibr ium was too 
often at t r ibuted to epistat ic natural  selection. When 
migrat ion among subpopula t ions  is l imited,  random 
drift  may generate different  allele combinat ions  and 
create d isequi l ibr ium.  To different iate  between random 
and selective causes of  d isequi l ibr ium,  Ohta  (1982 a, b) 
devised a method for par t i t ioning the variance o f  
di locus d isequi l ibr ium coefficients into within- and 
be tween-subpopula t ion  components.  

Ohta 's  theory is based on the hypothesis  that  When 
selection produces specific allele combinat ions,  they 
should appear  consistently among subpopulat ions.  The 
variance in the observed frequency o f  allele combina-  
tions should t he r e fo re  be small with respect to the 
variance expected on the hypothesis  of  random drift. 
Five "D-stat is t ics" describe the variance in observed 
and expected frequencies of  allele combinations.  The 
statistics are calculated for locus pairs. We follow 
Ohta 's  notat ion and label the statistics with subscripts 
I, S, and T (I-Individuals,  S-Subpopulat ions,  T-Total  
populat ion) .  
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Table 4. Ohta's variance components of linkage disequilibrium for the entire house fly population 

Variance components of linkage disequilibrium 

Loci compared Within subpopulation 
components 

Between subpopulation Total 
components population 

component 

D2s Dis 2 D2T D~ 2 D 2 

AMY and ADH 0.00548 0.05319 
AMY and PGM 0.00091 0.04521 
AMY and SOD 0.00043 0.04129 
AMY and GOT 0.00126 0.04494 
ADH and PGM 0.00051 0.01332 
ADH and SOD 0.00035 0.01448 
ADH and GOT 0.00263 0.02730 
PGM and SOD 0.00036 0.00459 
PGM and GOT 0.00013 0.02904 
SOD and GOT 0.00022 0.02100 

0.00968 0.00066 0.05384 
0.00960 0.00004 0.04525 
0.00967 0.00019 0.04148 
0.01081 0.00049 0.04543 
0.00341 0.00003 0.01335 
0.00362 0.00004 0.01451 
0.00596 0.00036 0.02766 
0.00101 0.00006 0.00465 
0.00725 0.00005 0.02909 
0.00570 0.00003 0.02103 

The variance of disequilibrium in the total popula- 
tion, DZT (Ohta 1982a), is, 

where T~j, s is the frequency that i and j appear together 
in individuals in subpopulation s, Pi and ~j are the 
weighted mean allele frequencies and x is the number 
of subpopulations. D2T indicates when i and j appear 
together in individuals more often than is predicted by 
their independent frequencies in the overall popula- 
tion. 

The variance of disequilibrium in subpopulations, 
Di2s, is calculated (Ohta 1982a) as: 

D~s = ~ ( ~  ~ (Ti, . ,-  2pisDs)2)/x (Table 4) (16) 

where Pis and Pjs are the frequencies of i and j in sub- 
population s. D2s is Aij, s squared and summed over all 
allele pairs. It is therefore a measure of the average 
squared disequilibrium in subpopulations. 

The variance in the expected frequency of indi- 
viduals bearing i andjl D2T (Ohta 1982a) is, 

D2T : ~ (~  ~ (PisPjs-- Pif)j)2)/X (Table 4). (17) 

DZT is a predictor of the variance of disequilibrium 
expected under the hypothesis of genetic drift. If sub- 
populations are differentiated, allele combinations will 
have been established independently among subpopula- 
tions and D~T will be greater than DZs. On the other 
hand, uniform epistatic selection among subpopula- 
tions will cause the frequency of allele combinations to 
converge so that D2T is deflated and less than DE. 

D~ 2 is the variance of disequilibrium in the total 
population (Ohta 1982a), 

D~2. = ~ ~ (T,.y - 2 p i P j )  2 (Table 4) (18) 
i j 

where ~j  is the mean frequency with which i and j 
appear together in individuals in the population. Note 
that D ~  is Aij for the whole population squared and 
summed over all allele pairs. Di~ is therefore an index 
of disequilibrium in the total population. 

D~ 2 is the variance in the observed frequency that i 
and j appear together in individuals in subpopulations. 
D~ 2 (Ohta 1982a) is, 

Di2 = ~ (~i ~ (Tq,s-  T,7)2)/x (Table 4). (19) 

If random drift caused the variance in the frequency of 
allele combinations, Di 2 exceeds D~ 2. Uniform selec- 
tion among subpopulations will increase D~ 2 and 
deflate the variance Di]. 

Ohta (1982a) showed that, 

D2T = Di~ + D~ 2 (Table 4). (20) 

Equation (20) allows an evaluation of the relative 
contributions of random and selective processes to dis- 
equilibrium. 

D-statistics identify disequilibrium patterns in a 
population. Three patterns of linkage disequilibrium 
can exist in a subdivided population. According to 
Ohta (1982a), these are nonsystematic disequilibrium, 
systematic disequilibrium, and unequal systematic dis- 
equilibrium. Disequilibrium is nonsystematic when 
caused by random drift. Under these conditions, 

D2s<D~T, and Di 2 > D ~  2. 

If disequilibrium arises through systematic epistatic 
selection for specific allele pairs in subpopulations 
then, 

DI2S > D2T, and Dis 2 < D~2T. 

Unequal systematic disequilibrium arises if selec- 
tion for specific allele pairs occurs only in a few sub- 
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populations. Then, D~s is greater than D~T because dis- 
equilibrium in subpopulations is greater than that ex- 
pected by random drift. But Di~ is greater than D~ 2 
because the variance in frequencies with which alleles 
appear together in individuals will be greater than 
disequilibrium in the total population. 

"'Linkdis" applied to a natural housefly population 

Table 2 lists the number of joint occurrences of ADH 
alleles 1 -5  with SOD alleles 1 - 2  T;j, the corre- 
sponding coefficients of disequilibrium Aij, the cor- 
rected correlation coefficients RU, and the chi-square 
values and significance levels. Examination of the ADH- 
SOD disequilibrium coefficients demonstrates that the 
only significant correlation was between ADH allele 5 
and SOD alleles 1 and 2. These alleles were rare (fre- 
quency less than 0.02) in the population and so the 
probability was small of finding both alleles in a single 
fly. 

The five loci studied in the same house fly sub- 
population are summarily treated in Table 3, where the 
chi-square value, degrees of  freedom and significance 
levels on each locus by locus comparison are printed. 
Significant disequilibrium was found between the 
ADH and SOD loci and the A M Y  and ODH loci. 

Ohta's D-statistics are listed, locus by locus, in 
Table4. These statistics represent samples from 5 
spatially distributed fly subpopulations. Variances of 
disequilibrium among subpopulations (DZT and D~ 2) 
were greater than the variances of  disequilibrium 

D '2 x This dem- within the overall population (DZs and sv). 
onstrates that correlations found between loci result 
from subpopulation differentiation and random drift 
rather than selection. Dls 2 comprises 98-99% of the 
population variance of disequilibrium DZT. 

Discussion 

Inference testing for finkage disequilibrium 

Weir (1979) provided the most complete treatment to 
date of inference testing in linkage disequilibrium. The 
results of our analyses with house fly data suggest that 
chi-square tests were inadequate for multiple alleles 
especially when rare alleles were involved. 

Chi-square values became inflated when expected 
frequencies were small. The problem would be allevi- 
ated by grouping the least frequent alleles into a single 
class, but information on specific alleles would be lost. 
The best alternative is to check allele frequencies (the 
program provides the option of printing allele frequen- 
cies) to determine when expected frequencies are small 
and likely to inflate the test statistic. 

Linkage disequilibrium in subdivided populations 

"Linkdis" was used to analyse data from 5 house fly 
subpopulations each sampled six times over the course 
of  a season. Most statistically significant disequilib- 
rium coefficients involved rare alleles and were prob- 
ably artifacts. Disequilibrium in the total population 
was usually less than that found in subpopulations. 
D-statistics repeatedly revealed the same pattern of 
nonsystematic disequilibrium and no consistent pattern 
of linkage disequilibrium emerged. This agrees with 
earlier surveys of linkage disequilibrium in Drosophila 
(Langley et al. 1974, 1977, 1978). 
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